An important aspect of an automated highway system design is the synthesis of an automated vehicle following system. Associated with automated vehicle following system is the problem of the stability of a string of vehicle, i.e., the problem of spacing error propagation, and in some cases, amplification upstream from one vehicle to another, due to some disturbance at the head of the string. In this paper, the novel method to determine the stability of a string of vehicle is established based on the vector Liapunov method. Based on the new results for the stability of string of vehicle, the controller is constructed by sliding mode control method. The stability domain of the controller parameters of the string of vehicles is enlarged.
Vector Liapunov Function Approach to Longitudinal Control of Vehicles in a Platoon

Introduction
In automatic vehicle following systems, vehicles are dynamically coupled by feedback control laws. Much works has been done for the longitudinal control of a string of vehicles on automated transit system vehicle (1) - (15) . An important aspect of an automated highway system design is the synthesis of an automated vehicle following system. Associated with automated vehicle following system is the problem of the stability of a string of vehicle. Loosely speaking, the string stability of an interconnected system implies uniform boundedness of the state of all the systems. For example, in automated vehicle-following applications, tracking (spacing) errors should not amplify downstream from vehicle to vehicle for safety. Based on the results for the string stability, the control laws for each vehicle in the platoon are designed.
The stability of the string of automated vehicles depends on the information available for feedback and on how such information is processed in the synthesis of a vehicle following control. The problem of investigating the stability of a vehicle string (also called platoon) under automatic control has attracted significant research in the last three decades. For a good overview of the efforts in the area of automatic vehicle following, the reader is referred to Refs. (1) and (2) . For a good overview of the analysis of string stability, the reader is referred to Refs.(3) - (6) .
The design of an automatic vehicle following controller consists of a specification of the desired following distance as a function of the speed and the design of a control system that regulates the speed of the vehicle in accordance with the given spacing policy. The specification of the desired spacing as a function of the speed of the vehicle is referred to as the specification of a spacing policy for an automatic vehicle following system. A spacing policy employed by a controlled vehicle is called a constant spacing policy if the desired following distance is independent of its speed. A spacing policy is a variable spacing policy if it is not a constant spacing policy.
The transfer function method is used to consider the string stability and design the controller in much works (7) , (9), (11), (13), (15) . If the system includes the nonlinear term, the transfer function method is difficult to apply. Swaroop and Hedrick (6) studied the string stability of a class of countably infinite interconnected nonlinear systems and obtained sufficient conditions of string stability for the infinite interconnected systems. The method used in Ref. (6) is essentially based on the scalar Liapunov function approach. The approach is difficult to judge the stability of the nonlinear system with strong coupling. The vector Liapunov function method is efficient tool in the stability analysis of nonlinear large-scale systems (16) , (17) . In this paper, vector Liapunov function method is applied in the string analysis of vehicles, and the new string stability conditions are obtained. Based on the string stability conditions, the controller of the string of vehicle is constructed by sliding model control method. The stability domain of the parameters controllers of the string vehicle is enlarged.
Definition and Fundamental Lemma
In the automatic vehicles following systems, the spacing errors between vehicles in the string can be described by the following interconnected systemṡ
where We use the following notations:
In the following, we give the definitions about the string stability. Definition 1. The origin x i = 0 (i ∈ N) of (1) is string stable, if given any ε > 0, there exists a δ > 0 such that (1) is asymptotically (exponentially) string stale, if it is string stable and x i (t) → 0 (as t → ∞) (exponentially).
When the dimension of system (1) is finite, the (asymptotically, exponentially) string stability is equivalent to the Liapunov (asymptotically, exponentially) stability. Since the dimension of the systems is infinite, the research on the string stability of the infinite interconnected systems has the special difficult. For example, the
.., according to definition, the origin of the systems is string unstable. But if i ≤ M, no matter now large is M, the origin of the systems is Liapunov asymptotically stable.
where
and inf i {v i0 } = α > 0,sup i {v i0 } = β > 0, then for any given δ > 0, there exists ε > 0, such that
Proof. Given any ε > 0, make curve segment γ : 
It contradicts tov i ≥ 0. So the trajectory does not arrive at the box's surface f i a , and sup i v i ∞ < ε.
The String Stability of Infinite Interconnected Systems
In the section, we study the string stability of infinite interconnected systems associated with the spacing error dynamical system of the string vehicles. It is the base in the designing controller. In automatic vehicle following systems. Theorem 1. For system (1), if the following conditions are satisfied:
( ii ) for the systemẋ i = f i (x i ,0,0) (i = 1,2,...), there exists a Liapunov function v i (x i ), and α l , α h , α 3 , α 4 > 0 such that
Then the zero solution of (1) is exponential string stable.
Proof. Defining a function as follows:
< 0, so g(0) < 0 and g(+∞) > 0. There exits a sufficient small number ξ > 0, such that
From inequality (5), we have
Let w i (x i ) = e ξt v i , for the system (1), we havė
Let w i,0 = 1, we get thaṫ
From Lemma 1, for given any ε > 0, there exists
The zero solution of (1) is exponentially stable. The Theorem 1 is proved. Theorem 2. Assume the system (1) is the finite dimension system, i.e., 1 ≤ i ≤ N, where, N > 0. If the conditions (i) and (ii) are satisfied, then the zero solution of systems (1) is globally exponentially stable.
Proof. It is obvious that there exits a sufficient small number ξ > 0, such that
Due to inequality (5), we have
Let w(x i ) = e ξt v i , for the system (1), we havė
Let w 1,0 = 1, and proper w i,0 > 0 (i = 2,..., N) satisfying
., N).
Then for i = 2,..., N, we can obtaiṅ
Similar to the proof of Theorem 1, we know that the zero solution of (1) is globally exponentially stable. The Theorem 2 is proved.
Design of Longitudinal Control of Vehicles in a Platoon
A simple longitudinal vehicle dynamic model for the ith vehicle in the platoon is given by (6) i is the aerodynamic drag force, and F i is the tire drag acting on the ith vehicle. The control objectives are:
1.
, where L i is the desired constant inervehicular spacing. ε i (t) should go to zero asymptotically for every lead vehicle maneuver.
2. String stability of the platoon should be guaranteed, i.e., given ε > 0, there exists a constant δ such that
In designing the controller, it is assumed that the lead vehicle velocity and acceleration and lead vehicle relative position information can be communicated to every controlled vehicle. Defining:
and u i is chosen such thatṠ i + λS i = 0 for some λ > 0. The position, velocity, and acceleration of the head vehicle are x 0 , v 0 , and a 0 , respectively. The controller u i is given by
The spacing error dynamics are given bÿ
Let z i =ε i + λε i . The dynamics of the "z" interconnected system iṡ
where, f (z i ,z i−1 ,ż i−1 ) = −l 1 z i + l 2 z i−1 + dż i−1 , and
From Theorem 1, the zero solution of system (10) is exponentially asymptotically stable. Let
From the relationship z i =ε i + λε i , we know that
Remark: in Ref. (6), the stability condition of system (10) is
(13) If (13) holds, then (10) is true. So the stability domain of parameters of system (10) is larger than that in Ref. (6) . From Eq. (6) and λ in (9), we can get the convergence rate of spacing errors of the vehicle spring.
As an example of the application of the proposed method in this paper, we study the motion control of the five-vehicle platoon, a leader vehicle and four following vehicles. The simulation is performed for the platoon. The acceleration time history of the leader vehicle is as follows
(20 ≤ t) The parameters of controller (9) are designed as λ = 7, q 1 = q 4 = 1, q 3 = 1. The controllers are
From Theorem 2, we know that for system (10) , if l 1 = q 1 + q 4 1 + q 3 > 0, then zero solution of (10) is exponentially stable. From (12), we know that the spacing errors are exponential convergence. Assuming that the initiate speeds From the figures of numerous simulation of the platoon, convergence rate of spacing errors and velocity errors of the vehicle platoon is fast. Since the domains of parameters in the controllers are large, so the controllers are easy to design in practice.
Conclusion
An important aspect of an automated highway system design is the synthesis of an automated vehicle following system. Associated with automated vehicle following system is the problem of the stability of a string of vehicle, i.e., the problem of spacing error propagation, and in some cases, amplification upstream from one vehicle to another, due to some disturbance at the head of the string. In this paper, the novel method to determine the stability of a string of vehicle is established based on the vector Lyapunov method. The controller is constructed by the novel method and sliding model control method. The stability domain of the parameters of the string vehicle is enlarged.
